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Adders

Adding two natural numbers

a0a1a2a3a4a5a6a7

Let consider two natural numbers A and B
coded on 8 bits using Natural Binary Code

b0b1b2b3b4b5b6b7

s0

c1c2

s1s2s3s4s5s6s7

c3c4c5c6c7
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At each stage, I need to sum 3 single bit numbers ai bi ci

ai

bi

cici+1

si

The carry out of the stage i is the input carry of the next stage

si and ci+1 are Boolean 

functions of ai bi ci

Adding two natural numbers

Adders
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0

1

1 0

0 1 0

1

00 01 11 10

0

1

ai bi

ci si

si = ai⊕ bi ⊕ ci

Adding two natural numbers

Adders

si = ai.bi.ci + ai.bi.ci +

ai.bi.ci + ai.bi.ci

si = ai (bi.ci + bi.ci )+

ai (bi.ci + bi.ci )

si = ai (bi ⊕ ci)+ ai (bi ⊕ ci)
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00 01 11 10

0

1

ai bi

ci ci+1

0

1

1 0

0 1 0

1

00 01 11 10

0

1

ai bi

ci si

0

0

0 1

1 1 1

0

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

Adding two natural numbers

Adders
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ci+1

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

ai
bi
ci

si

ci+1 = ai . (bi+ci) + bi.ci

bi
ci

ai

bici

Adding two natural numbers

Adders
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Adders

Adding two natural numbers

a0a1a2a3a4a5a6a7

b0b1b2b3b4b5b6b7

s0

c1c2

s1s2s3s4s5s6s7

c3c4c5c6c7
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ci+1

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

ai
bi
ci

si

ci+1 = ai . (bi+ci) + bi.ci

bi
ci

ai

bici

Adding two natural numbers

Addition delay depends on the delay of ci to ci+1

Adders
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ci

ai

ci

ci+1 = ai . (bi+ci) + bi.ci

ai

ci

ci

ai
ci+1

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

bi si

ci+1 = ai.bi + (ai+bi) . ci

bi

bi

ai

ci

ai

Adding two natural numbers

Adders
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0 1

0

1

ai

bi ai ⊕ bi

0

1

1

0

ai+bi = ai⊕ bi + ai bi

Adding two natural numbers

Adders

0 1

0

1

ai

bi ai + bi

0

1

1

1
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ci+1

ci
bi
ai

si

bi
ai

ci

biai

ci+1 = ai.bi + (ai⊕bi + ai.bi ) . ci

Adding two natural numbers

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci
ci+1 = ai.bi + (ai+bi) . ci

Adders

ci+1 = ai.bi + (ai⊕bi) . ci
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ci+1

ci
bi
ai

si

bi
ai

ci

biai

Adding two natural numbers

The circuit generating si and ci+1 is called a Full Adder (FA)

Adders
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At each stage, I need to sum 3 single bit numbers ai bi ci
The carry out of the stage i is the input carry of the next stage

Adding two natural numbers

Ripple Carry Adder (RCA)

FA

a0b0

c0

s0

FA

a1b1

s1

FA

a6b6

s6

FA

a7b7

s7

Adders
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Adding two natural numbers

Ripple Carry Adder (RCA)

FA

a0b0

c0

s0

FA

a1b1

s1

FA

a6b6

s6

FA

a7b7

s7

Area ∝ n Delay ∝ n

Timing should be improved

Adders
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Adding two natural numbers

Acceleration technics

Adder

a3 to 0b3 to 0

c0

s3 to 0

c4
Adder

a7 to 4b7 to 4

s7 to 4

either 0 or 1

0

Adder

a7 to 4b7 to 4

s7 to 4

1

s7 to 4 Carry Select Adder (CSLA)

Adders
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Adding two natural numbers
Carry Select Adder (CSLA)

c0

b0

FA

a0

s0

s3-2

s1

FA

b1 a1b3-2 a3-2a7-4b7-4

s3-2

Delay ∝ log (n)

Adders

= nlog(3)
= n1.585Area ∝ 3log(n)
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00 01 11 10

0

1

ai bi

ci ci+1

0

0

0 1

1 1 1

0

Adding two natural numbers
Acceleration technics

carry out does not 
depend on carry in

carry out depends 
on carry in

ai bi00 01 11 10
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Adders
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Adding two natural numbers
Acceleration technics

ai bi00 01 11 10
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Gi    = ai bi
Pi    = ai ⊕ bi

ci+1 = Gi + Pi ci
si     = Pi ⊕ ci

00 01 11 10

0

1

ai bi

ci ci+1

0

0

0 1

1 1 1

0

Adders
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Adding two natural numbers
Acceleration technics

ai bi00 01 11 10

g
en

er
at

io
n

ab
so

rp
ti

o
n

p
ro

p
ag

at
io

n
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ro
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aibi

GiPi

Pi Gi

sici+1

CS ci

Gi    = ai bi
Pi    = ai ⊕ bi

ci+1 = Gi + Pi ci
si     = Pi ⊕ ci

Adders
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Adding two natural numbers
Acceleration technics

aibi

GiPi

Pi Gi

sici+1

CS ci

ai+1bi+1

Gi+1Pi+1

Pi Gi

si+1ci+2

CS ci+1

Adders
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Adding two natural numbers
Acceleration technics

Gi    = ai bi
Pi    = ai ⊕ bi

Gi+1 = ai+1 bi+1
Pi+1 = ai+1 ⊕ bi+1

aibi

GiPi

Pi Gi

ai+1bi+1

Gi+1Pi+1

Pi Gi

Pi+1, i  = Pi . Pi+1

Gi+1, i = Gi+1 + Gi.Pi+1

Gi+1,iPi+1,i

PG

Adders
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b0a0b1 a1b2 a2b3 a3b4 a4b5 a5b6 a6b7 a7
Pi Gi Pi Gi Pi Gi Pi Gi Pi Gi Pi Gi Pi Gi Pi Gi

P G P G P G P G

P G P G

P G

C C C C C C C C

S S S S S S S S

P G P G

P G P G P G

Adders
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Slansky Adder

Adders
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Kogge-Stone Adder

Adders
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Area Delay

Adding two natural numbers (summary)

Carry Lookahead (CLA) n log (n) log (n)

Carry Select (CSLA) 3 log (n) log (n)

Ripple Carry (RCA) n n

Adders



Comparators

Opérateurs Arithmétiques



3/31/2021

1

Pirouz Bazargan Sabet February 2010Digital Design

Outline

Arithmetic operators

Digital CMOS design

Adders

Comparators

Shifters

Multipliers

Comparators

Pirouz Bazargan Sabet February 2010Digital Design

Comparators

Comparing a natural number to a constant : =

a0a1a2a3a4a5a6a7

Let consider a natural number A coded on 8 
bits using Natural Binary Code

00000000
= ?

0 / 1
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Comparators

Boolean function

Null = 1 if

a7 . a6 . a5 . a4 . a3 . a2 . a1 . a0 = 1

Null = a7 + a6 + a5 + a4 + a3 + a2 + a1 + a0

Comparing a natural number to zero : =

Pirouz Bazargan Sabet February 2010Digital Design

Comparators

Implementation
a7
a6
a5
a4

a3
a2

a1
a0

Null

Null = a7 + a6 + a5 + a4 + a3 + a2 + a1 + a0

Comparing a natural number to zero : =
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Comparators

Implementation
a7
a6
a5
a4

a3
a2

a1
a0

Area ∝ n Delay ∝ n

Null

Comparing a natural number to zero : =

Pirouz Bazargan Sabet February 2010Digital Design

Comparators

Implementation improvement

a7
a6
a5
a4
a3
a2
a1
a0

Null

Comparing a natural number to zero : =

Null = a7 + a6 + a5 + a4 + a3 + a2 + a1 + a0
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Comparators

Implementation improvement

a7
a6
a5
a4
a3
a2
a1
a0

Area ∝ n Delay ∝ log(n)

Null

Comparing a natural number to zero : =
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Comparators

Comparing two natural numbers : =

a0a1a2a3a4a5a6a7

Let consider two natural numbers A and B
coded on 8 bits using Natural Binary Code

b0b1b2b3b4b5b6b7
= ?

0 / 1
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Comparators

Boolean function

A Equal B if : a7=b7 and a6=b6 and ... and a0=b0

A Equal B if : (a7⊕b7) . … . (a0⊕b0) = 1

Equal = (a7⊕b7) + … + (a0⊕b0)

Comparing two natural numbers : =

Equal = (   e7    ) + … + (    e0    )

Pirouz Bazargan Sabet February 2010Digital Design

e4

e2

e0

e6
e5

e3

e1

e7

Comparators

Implementation

b7
a7 b6

a6b5
a5 b4

a4b3
a3 b2

a2b1
a1 b0

a0

Area ∝ n Delay ∝ log(n)

Comparing two natural numbers : =
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Comparators

Comparing two natural numbers : <

a0a1a2a3a4a5a6a7

Let consider two natural numbers A and B
coded on 8 bits using Natural Binary Code

b0b1b2b3b4b5b6b7
< ?

0 / 1
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Comparators

Comparing two natural numbers : <

a0a1a2a3a4a5a6a7

b0b1b2b3b4b5b6b7
< ?

0 / 1

A <B if : a7<b7 or (a7=b7 and (a6<b6 or (a6=b6 and ... )))

Boolean function
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Comparators

Boolean function

A <B if : a7<b7 or (a7=b7 and (a6<b6 or (a6=b6 and ... )))

A <B if : a7b7 + ((a7⊕b7) . (a6b6 + ((a6⊕b6). … )))

Comparing two natural numbers : <

Pirouz Bazargan Sabet February 2010Digital Design

Comparators

Implementation

a0 ,b0
a1 ,b1

a2 ,b2
a3 ,b3

a4 ,b4
a5 ,b5

a6 ,b6
a7 ,b7

Area ∝ n Delay ∝ n
0

Comparing two natural numbers : <

li+1 = aibi + (ai⊕bi) . libi
ai

li
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Comparators

Implementation Improvement

A <B if : a7<b7 or (a7=b7 and (a6<b6 or (a6=b6 and ... )))

A <B if : a7b7 + ((a7⊕b7) . (a6b6 + ((a6⊕b6). … )))

Propagation

Generation

Comparing two natural numbers : <

aibi  +  (ai⊕bi) . li

Pirouz Bazargan Sabet February 2010Digital Design

Comparators

Implementation Improvement

aibi

GiPi

Pi Gi

Gi    = ai bi
Pi    = ai ⊕ bi Pi+1, i  = Pi . Pi+1

Gi+1, i = Gi+1 + Gi.Pi+1

Pi+1 ,Gi+1

Gi+1,iPi+1,i

P G

Pi ,Gi

Comparing two natural numbers : <
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b0

Pi Gi

a0

Pi GiPi GiPi GiPi GiPi GiPi Gi Pi Gi

b1 a1b2 a2b3 a3b4 a4b5 a5b6 a6b7 a7

P GP GP GP G

P G P G

Comparators

P G

L 0
Less = G + P.l0

l0 = 0 Area ∝ n Delay ∝ log(n)

Pirouz Bazargan Sabet February 2010Digital Design

b0

Pi Gi

a0

Pi GiPi GiPi GiPi GiPi GiPi Gi Pi Gi

b1 a1b2 a2b3 a3b4 a4b5 a5b6 a6b7 a7

P GP GP GP G

P G P G

Comparators

P G

L
Less = G + P.l0

a LessOrEqual b0 l0= 01 l0 = 1
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Shifters

Shifting a value

a0a1a2a3a4a5a6a7

Let consider a value A coded on 8 bits

A can be shifted to the left by n positions (0 ≤ n < 8)

a0a1a2a3a4a5a6a7 0 0

For a natural number, shift left is a multiplication by 2n

Pirouz Bazargan Sabet February 2010Digital Design

a can be shifted to the left by n positions (0 ≤ n < 8)

Shifters

Shifting a value

a0a1a2a3a4a5a6a7

Let consider a value A coded on 8 bits

A can be shifted to the right by n positions (0 ≤ n < 8)

a0a1a2a3a4a5a6a70 0

For a natural number, shift right is a division by 2n

logic

Pirouz Bazargan Sabet February 2010Digital Design

For a natural number, shift right is a division by 2nFor a relative number, shift right is a division by 2n

logic

Shifters

Shifting a value

a0a1a2a3a4a5a6a7

Let consider a value A coded on 8 bits

a2a3a4a5a6a70 0a7a7

arithmetic
A can be shifted to the right by n positions (0 ≤ n < 8)
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Shifters

Shifting a value

a0a1a2a3a4a5a6a7

Let consider a value A coded on 8 bits

A can be rotated to the left by n positions (0 ≤ n < 8)

a0a1a2a3a4a5a6a7 a6a7

Pirouz Bazargan Sabet February 2010Digital Design

Shifters

Shifting a value

a0a1a2a3a4a5a6a7

Let consider a value A coded on 8 bits

A can be rotated to the right by n positions (0 ≤ n < 8)

a0a1a2a3a4a5a6a7a0a1

Pirouz Bazargan Sabet February 2010Digital Design

Shifters

Shifting a value

Implementation (left shifter)

A

(gives the shift amount)

(value to be shifted)

n bits

n bits

log(n) bits

B

S

Pirouz Bazargan Sabet February 2010Digital Design

Shifters

Shifting a value by 1 position to the left

Boolean function

2-input Multiplexer

$ coded on 1 bit

If   %& = 0
)* = +*

else
)* = +*,-	assuming +,- = 0

)* = %& ⋅ +*,- +%& ⋅ +*
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Shifters

Shifting a value by 1 position to the left

Implementation

a0a1a2a3a4a5a6a7
a0a1a2a3a4a5a6 0

s0s1s2s3s4s5s6s7

b0

Pirouz Bazargan Sabet February 2010Digital Design

Shifters

Shifting a value by B	 positions to the left

B	 may be 0
1
2
3
4
5
6
7

= 000

= 001

= 010

= 011

= 100

= 101

= 110

= 111

A combination of 2
2
, 2

1
, 2

0
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Shifters

Shifting a value to the left

0000

b1

b2

00

b0

a0a1a2a3a4a5a6a7

0

Area ∝ n log(n)   Delay ∝ log(n)
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Shifters

Rotate a value to the left

0000

b1

b2

00

b0

a0a1a2a3a4a5a6a7

0
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Shifters

Rotate a value to the left

b1

b2

b0

a0a1a2a3a4a5a6a7

Shift / Rotate

=

shift-left
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Shifters

Shifting a value

a0a1a2a3a4a5a6a7

Rotate left by 2

a0a1a2a3a4a5a6a7 a6a7

Rotate right by 6
=

6 = -2

110 = 010 + 1

Pirouz Bazargan Sabet February 2010Digital Design

Shifters

Shifting a value

Implementation (right shifter)

A

B (gives the shift amount)

(value to be shifted)

S
n bits

n bits

log(n) bits

neg
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Shifters

Shifting a value

Rotate right by B
Rotate left by -B=

Rotate left by (B	+1)
=

Rotate left by B	 followed by a 1 position rotate
=
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Shifters

Rotate a value to the left

b1

b2

b0

a0a1a2a3a4a5a6a7

right

0
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Shifters

Rotate a value to the left

b1

b2

b0

a0a1a2a3a4a5a6a7

=

left

left / right

0
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Shifters

Rotate a value to the right

b1

b2

b0

a0a1a2a3a4a5a6a7

0

Shift logic

0

00

0000
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Shifters

Rotate a value to the right

b1

b2

b0

a0a1a2a3a4a5a6a7

0

Shift / Rotate

==

shift-r-log .
(shift-r-ari . ai. + 
shift-r-ari . a7)
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Putting all together

Shifters

Shift / Rotate a value to the left / right

b1

b2

b0

a0a1a2a3a4a5a6a7

0
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Putting all together

Shifters

Shift / Rotate a value to the left / right

b1

b2

b0

a0a1a2a3a4a5a6a7

0
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Shifters

Shift / Rotate a value to the left / right
a0a1a2a3a4a5a6a7

0

b1

b2

b0
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Shifters

Shift / Rotate a value to the left / right
a0a1a2a3a4a5a6a7

0

b1

b2

b0
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Shifters

Shift / Rotate a value to the left / right
a0a1a2a3a4a5a6a7

0

b1

b2

b0

optimized


